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Motivations

 The Hydrodynamics of Wave Energy Convertors,
Bordeaux, 18-20 juin 2019
https://hywec2.sciencesconf.org/

 Simulation et Optimisation pour les Energies Marines Renouvelables,
Roscoff 2-5 juillet 2019,
https://emrsim2019.sciencesconf.org/
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Notations

Floating device: ship or wave energy convertor

Notation

If f is defined on Rd , we write

fe = f|E and fi = f|I
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Basic equations

In the fluid domain Ωt

∂tU + U · ∇X ,zU = −1

ρ
∇X ,zP − gez

div U = 0,

curl U = 0

At the surface

∀X ∈ E(t), Pe(t,X ) = Patm,

∀X ∈ Rd , ∂tζ − U · N = 0 with N =

(
−∇ζ

1

)
,

At the bottom

Ub · Nb = 0 with Nb =

(
−∇b

1

)
.
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Interior equations and coupling

Constraint in the interior domain

The surface of the fluid coincides with the wetted portion of the body

ζi = ζw

Coupling conditions on Γ(t) := ∂I(t) = ∂E(t)

Continuity of the surface elevation and of the surface pressure

ζe(t, ·) = ζi(t, ·) and Pe(t, ·) = P i(t, ·) on Γ(t)

Coupling with the solid equations: Newton’s equationsmU̇G = −mgez +
∫
I (t)(Pi − Patm)Nw,

d

dt
(Iω) =

∫
I (t)(Pi − Patm)rG × Nw.

 (Partial) analysis of this problem: D. L. , Ann. of PDE, 2017
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The one dimensional shallow water equations

Joint work with T. Iguchi
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The equations

In the exterior domain{
∂tH + ∂xQ = 0,

∂tQ + ∂x( 1
HQ

2 + 1
2gH

2) = 1
ρH∂xPatm= 0

In the interior domain{
∂xQi = −∂tHi,

∂tQi + ∂x( 1
Hi
Q2

i + 1
2gH

2
i ) = −1

ρHi∂xP i.

Coupling conditions at x = x±(t)

H(t, ·) = Hi(t, ·), Q(t, ·) = Qi(t, ·), and Patm(t, ·) = P i(t, ·).

Coupling with the solid equations: the case of a fixed solid

∂tHi = 0  Qi(t, x) = qi(t)
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Reduction of the problem
• Interior equations{

Q(t, x) = qi,

∂tQ + ∂x( 1
HQ

2 + 1
2gH

2) = −1
ρH∂xP i

with P i(t, x±(t)) = Patm

 Solvability condition for P i,

∂tqi = F (qi, x+(t), x−(t))

• The problem is reduced to{
∂tH + ∂xQ = 0,

∂tQ + ∂x( 1
HQ

2 + 1
2gH

2) = 0
in E (t)

{
Q(t, x±(t))= qi(t),

∂tqi = F (qi, x−, x+).
(boundary condition)

H(t, x±(t)) = Hi(t, x±(t)) (free boundary equation)
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A new kind of hyperbolic free boundary problem
Consider a 2× 2 quasilinear hyperbolic system

∂tU + A(U)∂xU = 0 in (x(t),+∞)

U = Ui on [0,T ]× {x = x(t),

U = U in on {t = 0} × R+

with x(0) = 0
 U = Ui is a boundary condition AND a free boundary equation

Remark

For the stability of shocks for conservation laws

∂tU + ∂x(f (U)) = 0

the Rankine-Hugoniot condition also plays this double role

ẋJUK = Jf (U)K
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Analysis of the boundary condition/free boundary equation

U(t, x(t)) = Ui(t, x(t))

 Time differentiation

∂tU + ẋ∂xU = ∂tUi + ẋ∂xUi

Boundary condition

(∂tU − ∂tUi) · (∂xU − ∂xUi)
⊥ = 0

Free boundary evolution

ẋ = −(∂tU − ∂tUi) · (∂xU − ∂xUi)

|∂xU − ∂xUi|2

Differences with stability of shocks ẋJUK = Jf (U)K
1 The boundary condition is fully nonlinear

2 The evolution equations has a derivative loss
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Main result

Theorem (T. Iguchi, D. L.)

Let m ≥ 2, data compatible of order m− 1. There exists a unique solution
x ∈ Hm(0,T ) and U ∈ C ([0,T ];Hm(x ,∞)), with U|x=x

∈ Hm(0,T ).

Fix the domain with a diffeomorphism ϕ  u = U ◦ ϕ
∂tu +A(u, ∂ϕ)∂xu = 0 with ∂tϕ = F (∂u)

Kreiss symmetrizer  Full regularity of the trace
1
2∂t(Su, u) + (M0u, u)−

(
SA(u, ∂ϕ)u · u

)
|x=0

= 0

L2 estimates on uj = ∂jtu

∂tuj +A(u, ∂ϕ)∂xuj + B(u, ∂xu)∂∂jtϕ+ Cj+1 = l .o.t.
 Needs a second order Alinhac’s unknown

I L2-estimates on ”∂jtu” in terms of ”∂jtu|t=0
”

I Control of ”∂jtu|t=0
” in Hm−j using the equation:

∂tU|t=0
= −A(U in)∂xU

in, etc.

Control of ”space derivatives” in terms of ”time derivatives”:
∂xU = −A(U)−1∂tU, etc.
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Including dispersive effects using a Boussinesq model

Fixed object with vertical
sidewalls at x± = ±R

Joint work with Didier Bresch and Guy Métivier{
∂tζ + ∂xq = 0,

(1− δ2∂2
x )∂tq + ε∂x( 1

h0
q2) + h∂xζ = −h∂xP

with {
P = Patm on E = (−∞,−R) ∪ (R,∞),

ζ = ζw(x) on I = (−R,R),

and one coupling condition
q(t,±R) = qi(t).

1 No continuity of the surface elevation  no equation on x± needed!

2 No continuity of the pressure  an information is missing!
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Boundary condition on the pressure

{
∂tζ + ∂xq = 0,

(1− δ2∂2
x )∂tq + ε∂x( 1

h0
q2) + h∂xζ = −h∂xP

with ζ = ζw(x) on (x−, x+). For a an object with flat bottom,

 

{
−∂x(hi∂xPi) = 0 in (x−, x+),

Pi(x±) = Patm + Pcor(x±)

αq̇i = −JPiK α =

∫ x+

x−

1

hi

= −JPcorK

 What is Pcor ???
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Energy considerations

The Boussinesq system{
∂tζ + ∂xq = 0,

(1− δ2∂2
x )∂tq + ε∂x( 1

h0
q2) + h∂xζ = −h∂xP

has a local conservation law,

∂te + ∂xF = 0

with

e = e(ζ, q, ∂xq)

F = qF0(ζ, q, ∂x∂tq)
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 We should have conservation of the total energy

Etot =

∫
(−∞,−R)∪(R,∞)

e +

∫
(−R,R)

e

e = 1
2ζ

2 + ε
6ζ

3 + 1
2h0

q2 + 1
2δ

2(∂xq)2

 JFK + αqiq̇i = 0.

But we have

1 F = qF0

2 q(t,±R) = qi(t)

3 αq̇i = −JPcorK
 −JPcorK = −JF0K

We deduce

−αq̇i = Jζ + ε
1

2
ζ2 − δ2∂x∂tqK

.
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A transmission problem{
∂tζ + ∂xq = 0,

(1− δ2∂2
x )∂tq + ε∂x( 1

h0
q2) + h∂xζ = 0

if |x | > R

with transmission conditions
1 JqK = 0
2 −δ2∂tJ∂xqK + Jζ + ε1

2ζ
2K = −αq̇i with qi(t) = q(t, x±).

 Change of variable θ = ζ + ε1
2ζ

2,{
(1 + εc(θ))∂tθ + ∂xq = 0,

(1− δ2∂2
x )∂tq + ε∂x( 1

h0
q2) + ∂xθ = 0

if |x | > R

with transmission conditions
1 JqK = 0
2 −δ2∂tJ∂xqK + JθK = −αq̇i

Remark

No result for the IBVP for Boussinesq systems.

David Lannes, U. Bordeaux et CNRS Wave-Obstacle interaction Journées Tarantola/Séminaire 16 / 23



Mathematical analysis: local existence{
(1 + εc ′(θ))∂tθ + ∂xq = 0,

(1− δ2∂2
x )∂tq + ∂x(θ + εq2) = 0

if |x | > R

with initial condition (θin, qin) and transmission conditions
1 JqK = 0
2 −δ2∂tJ∂xqK + JθK = −αq̇i

Proposition

For n ≥ 0, let (θin, qin) ∈ Hn × Hn+1 satisfy JqinK = 0 and
inf{1 + εc ′(θin)} > 0. For ε ∈ [0, 1] and δ > 0, there is T > 0 and a
unique solution in C 1([0,T [;Hn × Hn+1).
Moreover, one has the blow up criterion

lim sup
T→T∗

∥∥θ, q, ∂xq, 1/(1 + εc ′(θ))
∥∥
L∞([0,T ]×E)

= +∞. (1)

Proof: Reduction to an ODE
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
(1 + εc ′(θ))∂tθ + ∂xq = 0,

(1− δ2∂2
x )∂tq + ∂x(θ + εq2)︸ ︷︷ ︸

:=Γ

= 0 if |x | > R

1 JqK = 0
2 −δ2∂tJ∂xqK + JθK = −αq̇i

Denote R0 the inverse of (1− δ2∂2
x ) with Dirichlet BC at x = ±R,

∂tq = −R0Γ + q̇i exp(−1

δ
|x |R)

∂t∂xq(±R) = −∂xR0Γ∓ 1
δ q̇

i

∂tJ∂xqK = −J∂xR0ΓK− 2
δ q̇

i

Use second transmission condition

q̇i =
1

α + 2δ

(
δ2J−∂xR0ΓK− JθK

)
We have an ODE on Hn × Hn+1 and Cauchy-Lipschitz.
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Hyperbolic versus dispersive IBVP

Dispersive

∂tU = L(U) :=

(
−Φ

−R
(
Γ, JθK

) ) U = (θ, q)

with Φ = 1
1+εc ′(θ)∂xq, Γ = ∂x(θ + εq2).

and R(Γ, ρ) = R0Γ + 1
α+2δ

(
δ2J∂xR0ΓK + ρ

)
e−

1
δ
|x |R .

 ODE
 Smooth solution without compatibility conditions
 BC JqK = 0 and −δ2∂tJ∂xqK + JθK = −αq̇i propagated by the eqs

Hyperbolic

∂tU = L0(U) :=

(
−Φ
−Γ

)
 Opposite behavior !
 Role of the Dispersive Boundary Layer
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Energy estimates{
(1 + εc(θ))∂tθ + ∂xq = 0,

(1− δ2∂2
x )∂tq + 2εq∂x(q) + ∂xθ = 0

if |x | > R

1 JqK = 0
2 −δ2∂tJ∂xqK + JθK = −αq̇i

GOAL

Uniform energy estimates with respect to δ over a time O(1/ε)

E tot =

∫
E

[1

2
(1 + c ′(θ))θ2 +

1

2
q2 +

1

2
δ2(∂xq)2

]
+

1

2
α(qi)2

Proposition

If U = (θ, q) ∈W 1,∞ and (1 + εc ′(θ)) ≥ c0 > 0, then

E tot(U)(t) ≤ eεγtE tot(U in)

 The estimate is uniform in δ over a time O(1/ε).
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Higher order energy estimates{
(1 + εc((θ))∂tθ + ∂xq = 0,

(1− δ2∂2
x )∂tq + 2εq∂x(q) + ∂xθ = 0

if |x | > R

1 JqK = 0
2 −δ2∂tJ∂xqK + JθK = −αq̇i

L2-energy estimates
L2-energy estimates on the time derivatives Uj = ∂jtU
Problem 1 How to control Uj |t=0

in terms of U in ?

∂tq = −R0∂x
(
θ + εq2

)
+ q̇i exp(−1

δ
|x |R)

 Control at t = 0: Both terms are singular in Hn as δ → 0
 Need compatibility conditions to control the dispersive boundary
layer
Use eq. to control space derivatives in terms of time derivatives
 ∂xq OK
Problem 2 How to control ∂xθ ?
 ∂xθ solves

δ2(a2Y
′)′ + εδ2a1Y

′ + a0Y = f

Singular ODE stationary phase to get uniform control for O( 1
ε )

time
Control the blow up criterion via space-time Gagliardo-Nirenberg
estimates
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Main result

Theorem (D. Bresch, D. L., G. Métivier)

Initial data in Hm (m large enough)+ compatibility conditions.
Then there exists T > 0 such that for all 0 < ε < 1 and δ2 = O(ε), there
is a unique solution U ∈ C k([0, Tε ];Hm−k) with uniform energy estimate.

Remark

The compatbility conditions degenerate into the hyperbolic compatibility
conditions if δ = 0.
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